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INTRODUCTION

The dynamic bearing strength of a soil being penetrated
by a solid object such as a footpad .of a landing spacecraflt is
usually considered to be greater than, or at least different from
the static bearing strength. To calculate the soil recactions on
the footpad, the static bearing strength can be considered to be
augmented by a series of empirical dynamic terms proportional to
various powers of the penetration velocity and acceleration. A
term involving the square of the penetration velocity i1s a favorite
in this empirical approach because the drag on solid bodies pene-
trating fluids is proportional to velocity squared. Sirnce each
additional term introduces a new independent variable into the problem,
the number of such terms is limited by practical considerations.
The empirical coefficients must be evaluated for each type of soil,
and this requires a great amount of experimental effort using
elaborate equipment. Full scale equipment must be used unless
scaling laws are established. The effect of reduced gravitational
acceleration is difficult to simulate in tests.

Soil mechanics in general is not amenable to very accurate
analysis; the static bearing strength of soil cannot be reliably
calculated within a factor of two from the enginecering parameters
of the soil. However, since the limitations of a purely empirical
approach to dynamic bearing strength are well recognized, attempts
have been madc to develop approximate analysis to indicate which
of the dynamic terms are nceded and to relate the coefficients to
the soil properties.

ANALYSIS OF DYNAMIC BEARING STRENGTH

Professor Ronald F. Scott of the California Institute of
Technology has devised an analysis of dynamic bearing strength useful
for calculating the reaction on objects penetrating homogencous soils

at low velocities* normal to the surface.(l) In this analysis, the

¥
Low velocities are those at which heating caused by dissipation

of kinetic energy has a negligible effect on the soil properties.
They should also be less than the sonic velocity in the soil.
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dynamic bearing strength of the soil 1s the sum of the stalic bearing
strength and a dynamic augmentation pressure resulting from the
dynamic forces neceded to move the soil out of the way of the pene-
trating object. Calculating thesc dynamic forces requires knowledge
of how the soil moves in response to the penctrating objcect. The soil
motion during dynamic penetration is considered to be essentially

the same as that produced by stalic penetration or settling. Since
the motion of soil under setiling loads has long been studied as a
means of calculating static bearing strengths, this analysis makes
available a means of calculating dynamic bearing strenglths of soils
based on theilr known static behavior.

The first proposition, that the dynamic bearing strength
is the sum of the static bearing strength and some velocity
dependent terms, has becen accepted by those who use empirical terms
to calculate dynamic becaring strength. I scems reasonable to
assume that the static or velocity independent terms of dynamic
bearing strength are the same as the static bearing strength if,
as the second proposition states, the soil actually deforms during
dynamic penetration in the same way as it deforms during a static
loading. However, this 1s not always completely true.

For cxample, one can visuallize the impact of a bascball
thrown down into dry sand. The shower of sand grains clearly
indicates a different soil motion than would occur if the baseball
were slowly pushed into the sand. The theory is not perfectly
applicable to this situation because some of the soil particles
have achieved enough velocity to fly up in the air rather than
to be pushed up in a ring shaped mound. However, the theory will
be approximately correct 1f most of the soll particles move in the
same way they would have moved during a static penetration. Moreover,
an examinatlion of the soil velocities predicted during impact may
indicate how the soil will depart from the static flow patterns,
thereby enabling a corrccted soil flow model to be devised. TIn the
absence of accurate dynamic soil flow models, the static flow
model provides at least a starting point from which a rational means
of calculating the dynamic bearing strength can be decveloped.

Professor Scotl has proposed two differcnt soil flow
models based on the stalic behavior of compressible and incom-
pressible soils. The compressible soil model is simpler and
will be described first.

As the compressive stress is iIncreased in a static loading
test, certain types of cohesive s0il and volcanic rocks undergo a
compressive type failure involving a density change. The material,
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originally at density o crushes Lo density at a critical wvalue

1° P2
of normal stress O The relative density change is described by

the soil compressibility, C.
P, = P .
C = ._._Z_.___..,.,;—]i (])
P2

Compressibility is bounded between zero and one, being zero for an
incompressible soil and one for a soil which compresses down to zero
volume,

When an object such as the footpad of a spacecraft penetrates
a compressible soil, a slug of ccompressed soil is formed below the
footpad, Figure 1. This slug of soll moves downward at the same
specd as the foolpad, growing in length as the footpad penetrates.
The so0il crushes from densily fy to Py at the lower end of the slug

of soill at a depth, z, below the surface. The mass of this slug of
soll per unit arca of footpad, A, is:

M
K = plz = p2 (Z - y) (?)

where y 1s the depth of penctration of the footpad. From this it
follows that

o) =<

(3)

and :
Py

It
t

M
A

Under static ceonditions an effective pressure, p, must be
exerted at the crush depth, 2z, in order to propagale the crushing
interface farther into the soil. This effective crush pressure
includes not only the normal crushing stress, 0> but also accounts

for the shear and friction forces acting on the periphery of the slug
of scil. Effective crush pressure varies approximately lincarly with
crush depth for depths of the order of onc footpad diameter. (1)

p =D + by (5)

The static bearing strength, PS, of this soil is the
p

effective crush pressurc of the soil minus the weight of the soil
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slug above the crush interface:

f1
P, =Tt by -g (E~ )
or :
i b - p_] £
P = 1 ot (-M_VCW =)y (6)

where g 1s the local acceleration of grevity. Thus the static
becaring strength of compressible soll varics linearly with depth,
either increcasing or decrecasing with depth depending on the relative
magnitudes of b and PG If these quantitics arce ecqual, the soil

static bearing strength is independent of depth.

The four enginecering parameters

C, Py and b characterive
compressible sodl.

pl)

To calculate the dynamic bearing strength, the dynamic
augmentation should be added to the static bearing strenglh. The
dynamic augmentaltion is the additional force per unit arca of
footpad necded to move the soil slug at penciration velocity. The
dynamic force is cqual Lo the time rate of change of momentum of
the soil slug moving with the footpad. This slug of soil has the
same velocity, y,pand acceleration, ¥, as the foolpad and a mass

. 1 . .
per unil arca of oV The rate of change of momentum per unit area 1s
the dynamic bearing strength augmentation, P

A
~a M., _ 1 .2 1.,
PA - a_t— (K Y) - 'C_“ y + —Cﬁ-. yy (7)
The total dynamic bearing strength, PDYN’ of the comprcssible soil

is the sum of the static bearing strength and the dynamic augmentation.

b—olg‘: Py o Py

Poyn = Po ¥ (g™ vy H g ¥ WY (8)

DYNAMIC BEARTNG STRENGIH OF TNCOMPRESSIBLE SOTL

Incompressible soil can bear an unlimited normal stress
without a crushing type failure; thercfore, the density, p, is
constant. This material fails in shear and the maximum shear stress,
Ty’ generally depends on the normal stress, o.
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T, = ¢+ oo tan ¢

The cohesive shear strenglth, ¢, is increcased by a fricticnal or
normal stress dependent shear strength term. The angle ¢ is known
as the angle of internal friction and ranges from 0° to N0° fov
normal earth soils. Some solls such as dry sand have zero cohesive
shear strength; most soils have both cohesive and frictional shear
strenpth.

The three engincering paramelers p, ¢ and ¢ characterize
incompressible soll.

When an object, considered to be a round flat footpad of
radius r, slowly pencirates an incompressible scil, the scoill 1is
displaced radially and upward around the footpad. Several volumes
of moving soil are formed as shown in Figure 2. A conical volume
of soil, #1, is trapped bencath the footpad and moves downward at
the same specd as Lhe footpad. Soll moves radially and upward
through ring shaped volumes, #2 and #3, with velocities somewhatl
less than the footpad velocity because of the increased flow arca.
The displaced soil moves upward through volume #4, forming a ring
shaped mound protruding above the original surfacce. Since the soil
is dincompressible, the volume of this mound must equal the volume
of displaccd soil. ‘

The geometry of the static soil flow model depends on the

angle of internal friction of the Sojl.(2) Fer soils with zero angle
of internal friction, the flow geometry is as shown in Iigure 2.

The tip angle of the conical soil volume #1 is 90°, the curved
boundaries of volume #2 are circular arcs, and the width of the
displaced ring of soil is about twice the footpad radius. For
frictional soils, the flow geometry changes. The tip angle of soll
volume #1 is reduced from 90° by the anpgle of internal friction,

the curved boundaries of volume #2 become logarithmic spirals, and
the enlire failinpg region spreads out. Although this changes the
mass and flow velocity within the soil volumes, the values do not

differ grecatly from those of a frictionless soi](l); hence, the soil
flow model for a frictionless soll has been adopted for all in-
compressible soils for the purpose of calculating the dynamic effects.
The dynamic augmentatlion terms will therefore be independent of ¢.
Including the effect of friction on the dynamic terms is a possible
rcfinement.

Referring to the geometry of Figure 2 and considering the
soil as conlinuous and incompressible, the scill mass and average
soil velocity of each of the four soil volumes can be calculated
in terms of the soil density, p, the footpad radius, r, the pen-
efration depth, v, and the penetration velocity, y. These
guantities wi1ll be needed later to calculate the dynamic augmentatilon
and arc shown in Table T. Only voluma 4 has a soil mass which
changes wilth penctration cdepth., Since the soil is incompressible,
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the velocity is inverscly dependent on the flow arca. The
flow arca in a soil volume is considered as the average of the
entrance and exit flow areas. For example, the flow area for soil
entering volume #2 is the conical interface betwecn volumes #1 and #2
, w2 . . .
and equals Va ar_ . The exit flow arca is the inferface between volumes

o 2 .
3Wfa »° . The average flow arca in volume #2

#2 and #3 and equals
is taken as ?’V& wrg, and the average [low velocity is y/z'Vé or
y/2.83. .

The static bearing strength of incompressible solls is of
considerable engincering interest and is discussed in texibooks
concerned with the design of foundations for civil engincering
structures. A formula sugpested for calculating the bearing
strength of soils under circular footings can be used Lg find the
static bearing strength, PS, for incompressible soil.(3

P = 0.6 porN + 5oyl y 10
< perly pgqu + 1.3ckc ( )

This formula is based on an analytlical model which
considers a round rlat footpad acting on the level surface of a
homogeneous, semi-infinite soil mass. The effects of internal
friction arc considered in this model since friction has an important
effeet on the static bearing strength of incompressible soils. The
bearing capacity factors, N_, Nq and NC are functions of ¢ and, to

some extent, the depth of penctration. Table Il gives valucs appro-
priate to depths up to one footpad diameter.

Fquation 10 represents the superposition of thrce special-
casc solutions, and is not an exacl solution of the general case.
The first two terms assume a non-cohesive soil deriving its shear
strength only from friction. The first term gives the frictional
bearing strenglh at zero penetration resulting from the normal
stresses gerierated by the weight of the soil and the force applied
by Lhe lootpad. It reflects the well recognized fact that the
surface besring strength of cohesionless soils, like sand, increcases
lincarly with the size of the footpad.

The sccond term is derived from a solution for the
frictional bearing strength that would be caused by a uniform surfacc
loading or surcharge around the footpad. If the footpad is on the
surface, there is no surcharge and this term is zero. If the
footpad has penctrated, the weight of soil above the level of the
footpad can be considered as applying a surcharge to the soill below
this level. Substituting the weigcht per unit area of the scil above
the footlpad level for the surcharge in this solution results in a
term which gives the increase in static bearing strength with depth.
Vor a zoro-strength soil, ¢ = ¢ = 0, this term rcduccs to a buoyancy
force. -
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The thira term rcpﬂ sents the contribution of cohesion
when both the soill weight and surcharge are considercd zero. This
is the inherenl strength of the soil, independent of external forces
or gravity effccts.

To calculate the dynamic augmentation for the anOVpTCnoible
soill, & dynamlic model of the soll flow is necded to insure that all
the dynamic forces arc accounted for corrcctly. TDJ‘ model, shoun
in Figurce 3, indicates that the four masscs of movi ing soll are linked
together at definite velocity ratios, as if by levclu, by the

requirenent for incompressible flow. The lever ratios shown on
Figure 3 arc the same as the speed ravios, and arc derived from the
soll flow model, Figurc 2. Soil mass #1 has no lever arm becausce it

moves alt the Unmc veloclity as the penelrating footpad; soil macs #1U
has the Jonpest lever arm becauvse it moves at only one~cighth the
footpad velocity. The olher two soil masscs move ab 1ntorncdiatc
specds.  The dynamic force of soll mass #1 is transmitted dircet 1y
to the foolpad; the dynamic forces of soil massos #e2, #3 and {1 aic
transmittced to the footpad through the lever system.

The dynamic force per unit foolpad arca of cach soil
mass 1s equal to the time rate of change of momentum of that soil
mass divided by the foolpad arca, A. The total dynamic augnc“tatjnu
resisting the penetration of the footpad is the sum of these
1ndLV¢dUdl dynamic forces each multiplied by the appropriate lever
ratio.

5 M 1 d M. ) lm gw Mq
Pa= @ G+ orgs ar G0ve) et g (3ve)
1 4 N
gat G ()

Substituting the mass per unit arca and velocelity values from
Table I pives:

. d prY . 1 ¥ 1 d N
Pa=at 379 gy a Oer o) ey g (Mer g 4
R CTR S - (12)

The lever ratios appecar twice in equation 12, once because
the specds of the soil masses arc less than the footpad speed and
once becausc the effccetiveness of the individual dynamic forces is
reduced by the levers. Simplifying and adding the static bearing
strength, the dynamic bearing strength of incompressible soil
becomes:

Poo= 0.6 pprl 4 ppyll 4 1.3 o 4 0.14 ool +
‘ DYH Sy g - C v

(0.83 v 4+ 0.2 v)p ¥ (13)
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GENERATS 21D DYNAMTC BEARTNG STHRNGYH

When calculating the penetration of a spacccerst foolpad
into the soll of an extratervestrial body, the soil properties and
mode of failure will generally both be unknown. 90 investigale the

full renge of possible landing concditions, the valuos of‘p], C, P,

and b will have Lo be varied over reasonahle anges for compressible
solls and then the values of p, ¢ and ¢ must be variced for the
incompressible solls., A generalized dynanic bearing strength
Tormula applicable to both cowpressible and incompressihle soils
would reduce the amount of calculations nceessary. It would also
provide for the possibility of soil failurc by & combination of the
two modes provided that additional térms arc not introduced into Ll
dynamic bearing streonglh czpression when Lhe soil foils in a conbi-
nation of the two modes. Such a formuls can be writien by pen-
eraliving the expression for static bearing strength and introducing,
the concepl of effective soil moun.

The static bearing strenpglh of both the compressible and
incompressible soils can be reaconably approxinatced by lincar func-
tions of the penetration depth (equations 6 and 10).  This svprests
using a gencral linear relationship to represcent the static bearing
strenglh of the soil repgardless of the failure mode.

P. = A+ By (14)

If the soil is compressible, cquation 6 applies:

=
il
T

B

]

Ir" the soil is incompressible, equation 10 applies:
1 3

"
6!

0.6 ppri, + 1.3 cN_

A
B

i

pEN,,

Effective soil mass, Mg is the imeginary mass per unit

penctrated arca which moves at the penetration velocity remaining

in conlact with the penetrating object and excrting the same dynanmic
augmentation pressure as the real soil masses. The dynamic augmaon-
tation is the time rate of change of momentum of the effective

soll mans.

s o= 9 : 5
Py o= uT (me 7) (15)

o=
C:.



BELLCOMM, INC. -9 - .

The dynamic bearing strength is the sum of the static bearing
strencth and the dynamic aucmentation.

(Ill y) (16)

o

> =
}DYN PS

Q‘l o

In compressible soll the dvnawmic augmentation is
produced by the compressed slug of soll movineg at the pencetlration
velocity. The cffcctive mass 1s thereforc the mass of this slug
of" soll divided by the pGNOiT“LlOI arca, Thils 1s shown by combining

equations U, 7 and 15. ’
s - 4 oy .o d o Mo
P =gt (e ¥ = 50 G 9)
n P
m ] = I\}. = . 1 y ( 1 r/ )

In incompressible soil the dynamic zugmentation is
produced by four soil masses only onc of which moves at the
penetration velocity. The soll mass #1 is entirely effective;
however, the olher masses are less effective because they do
not move al the full penetration velocityv. The effective mass

of" this systcem can be found by combining equations 12 and 15.

o= 4 d (er L oa_ AR
Ppmar e ¥ = g (5 9+ 5gg gp (rer 57gg) o
1 d .. ¥ s
6717 ar (v i) t g g 9oy @)
o , 2 > o
m, = 3 + (?lgj) npr + (gji“) hpr + (g) 9oy

The effcecetive mass is the sum of the individual masses multipllcd
by the squarc of their velocily ratios relative to the penetration
velocity. Simplifying the expression:

m, = 0.83pr + 0.14py (18)

The effective mass of both the compressible and incompressible solls
can be represcented by a lincar function of the penetration depth:

My = E + Ty
E is the effective solil mass in contact with the object at the
surface, M is the rate al which effcetive mess 1s gecunulated
with depth. T the soll is conpressible, ceguation 17 applics:
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Fo= 0
P
I
C
T the soll is dinconprossible, eqguation 18 applics: .

o= 0.83pr
o= 0.10p

The pencralized formmla Tor dynamic bearing strength is found by
suhstituting the generslived eqguations for stalic bearing stsenglh
and effective mose dnto eguation 16 and expanding the derivative.

. P R B} 1. n X n [ B ?
Proyy = 04 By + (W4 Fy)¥ 4+ 1y

The generalized soil paromcters A, B, T and ¥ not only allow a cingle
dynumic bearing sticeneth fornnla to be uscd o both comprescible
and dncomnpressible soils, they also provide a convenloent means of
desceribing a soll in Lcoree wmeaningful Lo o cpaccocerelt desipgner who
is primorily dntercoted in Lhe dynamic beaoring streoength. A dis Lhe
surlace statice bor11np stroength. B ois the "UbC al which static
bearing strength incressces with depth. 1 ods the mass of sodl which
i1s, in coffect, stuck to cach unit area of the penelraling object

as it p(n<Lr;ic the surface. P is the rate of accumulation of
this mass with depth.  Given thesce four paramcters, thoe designer
ran calculate the dynawmic rceaction forces for ncrmul poencltrations,

The gencralized dynamlc bearing strength formula assumes
that no ncew terms ore introduced when the soil fails din a combina-
tion of the incomnpressible and conpresasible wodes. Tt is also lim-
ited by all the assumptions made in the scperate analysis of the
dynawic bearing strenpth of compressible and dncompressible colls,
particulariv: that the dynamic soil motion is the same as the SuJLiC
soll moLion and thal the incompressgible soil dynamic terms arc not

sipgnificantly affecled by friction.
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